Abstract There is the paper by H. Tietze published in 1905 on differential transcendence of solutions of difference Riccati equations. In this paper, we clarify the essence of Tietze's treatment and make it purely algebraic. As an application, the q-Airy equation is studied. MSC2010: Primary 12H10; Secondary 12H05, 39A05, 39A13.
Introduction
These days, several authors study Galois theories on linear difference equations of higher order than 1, and show results on differentially algebraic character of solutions especially for equations of second order (cf. the papers [2, 3] ). Historically, there is the paper [7] by H. Tietze and studied differential transcendence of solutions when r(x) is a rational function with lim x→∞ r(x) = 0. His theorem says that if there is no rational function solution, there is no solution satisfying an algebraic differential equation.
In this paper, we clarify the essence of Tietze's treatment and make it purely algebraic. As a result, the transform ϕ(x + 1) of ϕ(x) appeared in the Riccati equation can be replaced with ϕ(qx), ϕ(x 2 ), etc. Here, we call them τ (ϕ). Theorem 9, the main theorem, and Proposition 10 say that existence of a differentially algebraic solution is closely related to existence of a rational function solution g of the third-order linear difference equation , and s = 2x when τ (g) = g(x 2 ). In Corollary 16, we shall introduce an application, which implies in rough sense that a solution of the Riccati equation y(qt) = −qt + 1 y associated with the q-Airy equation y(q 2 t) + qty(qt) − y(t) = 0 has no differentially algebraic relation with solutions of linear difference equations when q is not a root of unity.
Notation. Throughout the paper every field is of characteristic zero. When K is a field and τ is an isomorphism of K into itself, namely an injective endomorphism, the pair K = (K, τ ) is called a difference field. We call τ the (transforming) operator and K the underlying field. For a difference field K, K often denotes its underlying field. For a ∈ K, the element τ n a ∈ K (n ∈ Z), if it exists, is called the n-th transform of a and is sometimes denoted by a n . If τ K = K, we say that K is inversive. For an algebraic closure K of K, the transforming operator τ is extended to an isomorphism τ of K into itself, not necessarily in a unique way (cf. the book [8] , Ch. II, §14, Theorem 33). We call the difference field (K, τ ) an algebraic closure of K. For difference fields K = (K, τ ) and
In this case, we say that K ′ is a difference overfield of K and that K is a difference subfield of K ′ . For brevity we sometimes use (
2 B, . . . ), τ ) and is denoted by K B for brevity. A solution of a difference equation over K is defined to be an element of some difference overfield of K which satisfies the equation (cf. the books [1, 4] ).
For a field K, a derivation D of K, which is a mapping D :
, and a transforming operator τ of K, we simply call the pair K = (K, D, τ ) a DTC field, though some relation between the derivation and the transforming operator may be given. A DTC overfield
and a difference overfield on τ ′ . Let L/K be a DTC field extension and B a subset of L. The DTC subfield K B L of L is defined to be the minimum DTC subfield containing K and B.
Let L/K be a differential field extension, and D the derivation of L.
Let F/K be an algebraic function field of one variable. A place P of F/K is the maximal ideal of some valuation ring of F/K. The valuation ring and the normalized discrete valuation associated with P is denoted by O P and v P , respectively. A discrete valuation of F/K is a function v : F → Z ∪ {∞} with the following properties.
(iv) There exists an element z ∈ F × with v(z) = 0 (v(z) = 1 for a normalized discrete valuation).
For a rational function field K(x)/K, P α (α ∈ K), denotes the place which has the prime element x − α and P ∞ the place which has the prime element 1/x.
In Section 2, we shall introduce Tietze's normal form of difference Riccati equation and the way how to obtain it. In Section 3, we shall introduce several lemmas used in Section 4 to prove the main theorem. In Section 5, an application to q-Airy equation is studied.
Tietze's normal form of difference Riccati equation
For a second-order linear difference equation,
by setting z = y 1 /y, we obtain the following first-order difference equation,
We call this the difference Riccati equation associated with the above equation. By iterations, we can express z i in terms of z such as
Here, we introduce a notation about those iterations. Let L = (L, τ ) be a difference field, and let
In this paper, Eq(A, i)/L denotes the equation over L,
We easily see the following.
We also define Eq(f ; A; g) for f, g ∈ L, which denotes the equality,
Lemma 2. When both Eq(f ; A; g) and Eq(g; B; h) hold, Eq(f ; AB; h) holds. This is obvious. We shall show another lemma.
as the element satisfying Eq(g; P ; f ) which uniquely exists. Then we find
Proof. (i) If we use the expression
then P −1 is expressed as
Since Eq(g; P ; f ) denotes g(cf + d) = af + b, the following holds,
Dividing by ad − bc, we find Eq(f ;
. Hence by Lemma 2 we find Eq(τ i g;
Therefore g ∈ U is a solution of Eq(B, i)/L.
Tietze's normal form of a difference Riccati equation is
We shall introduce the way how to transform a difference Riccati equation into this form.
Proposition 4. Define 4 forms of matrices
follows:
, where e, r ∈ L × . This is "associated" with Tietze's normal form.
Then the following hold.
which is of (F2), (F3) or (F4).
(ii) For a matrix of (F2),
which is of (FT).
(iii) For a matrix of (F3), P = 1 b 1 1 is a regular matrix because of b = 1.
In this case,
is of (F2).
(iv) When a matrix of (F1) turns into a matrix of (FT) by repeated applications of (i), (ii), and/or (iii), there exist P 1 , . . . , P n ∈ GL 2 (L) such that
and therefore (τ Q)AQ
(v) When a matrix of (F1) turns into a matrix of (F4) by an application
which is "associated" with the difference equation y 2 = y.
The proof is straightforward.
Lemmas
Let F = (F, τ 0 ) be a difference field and F/K an algebraic function field of one variable. Let A = 1 r 1 0 ∈ GL 2 (F ) and suppose there exists a place P
We also suppose that Eq(A, i)/F has no solution algebraic over F for any i ≥ 1. Let Y be a solution of Eq(A, 1)/F , which is transcendental over F , and let F Y = (F (Y ), τ ).
,
be an algebraic closure of F Y , and F the algebraic closure of F in it. The polynomial N is expressed as
where
, and so
From the above two expressions for N, we find
Comparing degrees, we obtain m 0 = λ. Let H ⊂ F be the set of all the roots of N. For any µ ∈ H \ {0}, 1 + r/µ ∈ τ H. Indeed, from the equation (2), µ = r/(τ µ i − 1) for some i. This implies τ µ i = 1 + r/µ, and so 1 + r/µ ∈ τ H. Define the mapping φ : H \ {0} → H by φ(µ) = τ −1 (1 + r/µ), and the sets
The restriction φ| H∞ is a bijection to H ∞ , for φ is injective and the number of elements of H ∞ is finite.
To show H = ∅, firstly, we assume 1 ∈ H ∞ . This implies φ i (1) = 1 for some i ≥ 1. Hence
.
Applying τ , we obtain 1 = 1 + r φ i−1 (1) , and so r = 0, a contradiction. Therefore we conclude 1 / ∈ H ∞ . Secondly, we assume 1 ∈ H 0 , which means φ n (1) = 0 for some n ≥ 1. Let
(1)) = 0, which contradicts the definition of m. Therefore we conclude 1 / ∈ H 0 . The first result and the second imply 1 / ∈ H. Hence we find λ = m 0 = 0, and from the equation (2) 
This implies all the µ i are non-zero, for r is non-zero. Hence, from the equation (1), it follows that
By definition, H 0 must be empty. Therefore we find H ∞ = H, and that φ = φ| H∞ is a bijection of H to H. Finally we assume H = ∅. Let η = µ 1 for brevity. There exists some j ≥ 1 such that φ j (η) = η. On the other hand, for any i ≥ 1,
Applying τ i , we obtain
which is equivalent to Eq(τ
holds. It follows that η ∈ F is a solution of Eq(A, j)/F , a contradiction. Therefore we conclude H = ∅, which implies N ∈ F × .
then R = 0.
Proof. Assume R = 0. We shall derive a contradiction. Let R = M/N, where M, N ∈ F [Y ] \ {0} are relatively prime, and let µ = deg M and ν = deg N.
From the equation (3), we obtain
, 
and
By Lemma 5, we find M ∈ F × . Similarly, we also find N ∈ F × . Therefore we obtain R ∈ F × , which contradicts the equation (3).
Lemma 7.
There is no S ∈ F (Y ) such that
Proof. Assume there exists such S ∈ F (Y ), which must be non-zero and can be written as
where M, N ∈ F [Y ]\{0} are relatively prime. Let µ = deg M and ν = deg N.
We have
, from which we obtain
The polynomials Y µ τ (M) and Y ν τ (N) do not have a factor Y . Moreover, they are relatively prime. Hence we find
. By Lemma 5, we find N ∈ F × , and so S ∈ F [Y ]. From the equation (4), it follows that
we find a contradiction from the above equation.
then there exists a ∈ F such that
Proof. Since S is non-zero, it can be written as We have
. By Lemma 5, we find N ∈ F × , and so S ∈ F [Y ]. Looking at degrees in the equation (5), we see deg S = 1 or 2. Hence S can be written as
From the equation (5), we obtain
From the first equation and the second, it follows that
Hence, from the second equation, we find
and so
Multiplying it by α, we obtain
− (τ (r) + 1)ατ (a) − a + ατ (β) = 0, the required.
Proof of Theorem
Theorem 9. Let F = (F, D 0 , τ 0 ) be a DTC field with D 0 τ 0 = sτ 0 D 0 for a certain s ∈ F × , and F/K an algebraic function filed of one variable. Let
and suppose there exists a place P of F/K such that v P (τ i 0 r) > 0 for all i ≥ 0. Additionally, suppose that for any i ≥ 1, Eq(A, i)/(F, τ 0 ) has no solution algebraic over F . Let U = (U, D, τ ) be a DTC overfield of F with Dτ = sτ D. If there exists a solution f ∈ U of Eq(A, 1)/(F, τ 0 ) which is differentially algebraic over F , then there exists g ∈ F such that
Proof. We use the ordinary notation f ′ instead of Df for brevity. From τ (f )f = f + r and f = 0, we have
By differentiation, we obtain
By differentiation again, we obtain
By repeated differentiation, it is seen that for all m ≥ 3,
Recall tr. deg F (f, f ′ , f ′′ , . . . )/F < ∞ and that f is transcendental over F . Let n ≥ 1 be the minimum number such that f ′ , f ′′ , . . . , f (n) are algebraically dependent over F (f ). If n ≥ 2, f ′ , f ′′ , . . . , f (n−1) are algebraically independent over F (f ). Define the polynomials
. . , f (n) ) = 0, and H a polynomial defined by
where G τ is the polynomial whose coefficients are the first transforms of the corresponding coefficients of G. It follows that
Hence we find G | H (cf. the book [8] , Ch. II, §13, Lemma 2). The polynomial G is expressed as
Let d be the maximum of i with R i = 0 in the sense of
We may suppose R d = 1. If we let i denote i 1 + i 2 + · · · + i n and [i] denote i 1 + 2i 2 + · · · + ni n , H can be written as
Hence we find
Comparing the coefficients of Y
For any e < i < d, R i = 0 holds. Indeed, let i be the maximum of e < i < d with R i = 0 if they exist. From the equation (9), we have
Since we find S di = 0 from the above equation, this implies
Here, the form of i is as follows:
From the equation (9), we have
By Lemma 8, there exists a ∈ F such that
Letting g = a/d 1 ∈ F and multiplying by r/d 1 , we obtain
the required.
Suppose there exists g ∈ F such that
and let
Then there exist a DTC overfield U = (U, D, τ ) of F with Dτ = sτ D and a solution f ∈ U of Eq(A, 1)/(F, τ 0 ) which satisfies the differential Riccati equation, Df + R(f ) = 0.
Application
In this section, we shall investigate differential transcendence of solutions of the Riccati equation,
which is associated with the q-Airy equation,
Let C be an algebraically closed field and C(t) a rational function field. Let L = (C(t), D 0 , τ 0 ) be a DTC field with
We use
as a matrix associated with the above Riccati equation. By the result introduced in the author's paper [6] , we have the following.
Lemma 11. If q is not a root of unity, then for all i ≥ 1, Eq(A, i)/(C(t), τ 0 ) has no solution algebraic over C(t).
In his paper [5] , he defined difference field extensions of valuation ring type, and introduced several results as follows.
Definition 12. Let N /K be a difference field extension, where N = (N, τ ). We say that N /K is of valuation ring type if there exists a chain of difference field extension,
(ii) K i /K i−1 is an algebraic function field of one variable, and there exists a place P of K i /K i−1 such that τ j P ⊂ P for some j ∈ Z >0 .
Lemma 13 (Corollary 6 in [5] ). Let K be a difference field, and f a solution of y 1 = ay + b, a, b ∈ K, a = 0, transcendental over K. Then K f /K is of valuation ring type.
Remark. A chain of difference field extensions of valuation ring type is also of valuation ring type.
Lemma 14 (Theorem 8 in [5] ). Let M = (M, τ ) be a difference overfield of (C(t), τ 0 ). Let k ∈ Z >0 , and suppose that Eq(A, k)/M has a solution in a certain difference field extension N /M of valuation ring type. Then Eq(A, ki)/M has a solution in M for some i ∈ Z >0 , where M is the algebraic closure of M in an algebraic closure N of N .
Here, we shall prove the following.
Theorem 15. Suppose that q is not a root of unity. Let U = (U, D, τ ) be a DTC overfield of L with Dτ = qτ D, and F a DTC intermediate field of
and F = L f 1 , . . . , f n U , where f 1 , . . . , f n satisfy
and S = {D j f i | 1 ≤ i ≤ n, j ≥ 0} are algebraically independent over C(t). Then Eq(A, 1)/(C(t), τ ) has no solution differentially algebraic over F in U.
Proof. Let L k be the underlying field of L f 1 , . . . , f k U , and S k denote the set {D
We shall prove L k = C(t)(S k ) by induction. It is obvious in the case k = 0. Suppose k ≥ 1 and that the claim is true for k − 1. By
we find
We will find that for all i ≥ 1, Eq(A, i)/(F, τ ) has no solution algebraic over F . Let m be the maximum such that for all i ≥ 1, Eq(A, i)/(L m , τ ) has no solution algebraic over L m . It is well-defined, for the statement is true for m = 0. If m < n, then for a certain
From the above discussion about τ f
k , by Lemma 13, we see that N /(L m , τ ) is of valuation ring type. By Lemma 14, there exists i ∈ Z >0 such that Eq(A, ki)/(L m , τ ) has a solution algebraic over L m , which contradicts the definition of m. Therefore we conclude m = n, which proves the above claim.
Let K = C(S). We find F = C(t)(S) = K(t) and that t is transcendental over K. By Proposition 4 (ii), we have
For all i ≥ 1, Eq(B, i)/(F, τ ) has no solution algebraic over F . Indeed, assume that Eq(B, k)/(F, τ ) has a solution f algebraic over F . Let N = (F, τ ) f and A ′ = (τ P )AP −1 = −q 2 tB. Since it follows that
f ∈ N is a solution of Eq(A ′ , k)/(F, τ ). Hence, by Lemma 3, we find that there exists g ∈ F (f ) such that Eq(g; P −1 ; f ) holds and g ∈ N is a solution of Eq((τ P −1 )A ′ P, k)/(F, τ ), where (τ P −1 )A ′ P = A. Since f is algebraic over F , g is a solution of Eq(A, k)/(F, τ ) algebraic over F , which is impossible.
To prove this theorem, we assume that Eq(A, 1)/(C(t), τ ) has a solution f ∈ U differentially algebraic over F . We have Dr = − 2 q 3 t 3 = 0 and for all i ≥ 0,
where v ∞ is the normalized discrete valuation associated with the place P ∞ of F/K. By Lemma 3, there exists g ∈ F (f ) such that Eq(g; P ; f ) holds and that it is a solution of Eq((τ P )AP −1 , 1)/(F, τ ) in U. The latter implies that g ∈ U is a solution of Eq(B, 1)/(F, τ ). Since g, g ′ , . . . are elements of the differential field F (f, f ′ , . . . ), we find
and so g is differentially algebraic over F . By Theorem 9, there exists h ∈ F = K(t) such that 
In the case m = 1, by comparing the coefficients of 1/t m , it follows that Hence D(a 1 )t ∈ C ⊂ K, which implies D(a 1 ) = 0. Since a 1 ∈ F , we conclude a 1 ∈ C, which contradicts the above equation (10). We found a contradiction in any case, which proves this theorem.
Corollary 16. Suppose that q is not a root of unity. Let U = (U, D, τ ) be a DTC overfield of L with Dτ = qτ D, and F a DTC intermediate field of U/L such that {x ∈ F | Dx = 0} = {x ∈ F | τ x = x} = C and F = L f 1 , . . . , f n U , where f 1 , . . . , f n satisfy τ f i = α i f i + β i , α i , β i ∈ C(t), α i = 0.
Then Eq(A, 1)/(C(t), τ ) has no solution differentially algebraic over F in U.
Proof. We may suppose that S = {D j f i | 1 ≤ i ≤ m, j ≥ 0} are algebraically independent over C(t) and that f i , Df i , . . . are algebraically dependent over C(t)(S) for all i ≥ m + 1. Let
where F ′ = C(t)(S). Assume that Eq(A, 1)/(C(t), τ ) has a solution g ∈ U differentially algebraic over F . Since we have tr. deg F (g, Dg, . . . )/F < ∞ and tr. deg F/F ′ < ∞ by F = C(t)({D j f i | 1 ≤ i ≤ n, j ≥ 0}), we find tr. deg F (g, Dg, . . . )/F ′ < ∞. Hence tr. deg F ′ (g, Dg, . . . )/F ′ < ∞ holds, which means that g is differentially algebraic over F ′ in U. However, Theorem 15 says that Eq(A, 1)/(C(t), τ ) has no solution differentially algebraic over F ′ in U. Therefore we found a contradiction.
